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Performance of a deterministic source of entangled photonic qubits
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INFM, Unita` di Camerino, via Madonna delle Carceri 62032, Camerino, Italy
We study the possible limitations and sources of decoherence in the scheme for the deterministic
generation of polarization-entangled photons, recently proposed by Gheri et al. [K. M. Gheri et al.,
Phys. Rev. A 58, R2627 (1998)], based on an appropriately driven single atom trapped within an
optical cavity. We consider in particular the effects of laser intensity fluctuations, photon losses,
and atomic motion.
I. INTRODUCTION
The efficient implementation of most quantum communication protocols needs a controlled source of entangled
qubits. Presently, the most common choice is using polarization-entangled photons, since they are able to freely
propagate maintaining the quantum coherence between the different polarization components for long distances.
Significant demonstrations of this fact are the recent achievements in experimental quantum cryptography [1] and
quantum teleportation [2].
The presently used source of polarization-entangled photons is parametric downconversion in χ(2) nonlinear crystals
(see, for example, [3]), which however presents many disadvantages. The entangled photons are in fact generated at
random times, with a very low efficiency, and many photon properties are largely untailorable. Moreover, the number
of entangled qubits that can be produced directly with down-conversion is intrinsically limited. In fact, even if a
maximally entangled state of three photons, the so-called GHZ state [4], has been recently conditionally generated
using two pairs of twin photons and the detection of one of them [5], in this cases one generally needs higher order
nonlinear processes, which are however extremely inefficient. For this reason, the search for new photonic sources,
able to generate single-photon wave packets on demand, as for example photon guns [6], or turnstile devices [7], either
entangled or not, is still very active.
Recently, Gheri et al. have proposed a controlled source of entangled photons based on a cavity-QED scheme
[8], which essentially generalizes the Law and Kimble photon pistol scheme of Ref. [6] in such a way as to be able
to produce polarization-entangled states of temporally separated single-photon wave packets. This proposal is very
interesting because it is able to produce entangled states of up to tens of photons, relying on presently available
laboratory equipment. In this paper we shall reconsider the scheme of Gheri et al. in order to make a detailed
study of all the possible experimental limitations and sources of decoherence. We shall see that all the undesired
decoherence effects can be efficiently reduced using state-of-the-art technology, confirming therefore the preliminary
results of Ref. [8].
In Sec. II we shall review the scheme of Ref. [8]; in Sec. III we shall analyze its possible experimental limitations,
and we shall focus in particular on the effects of the intensity fluctuations of the driving lasers, of the various photon
loss mechanisms, and of the motion of the atom trapped within the cavity. Sec. IV is for concluding remarks.
II. THE DETERMINISTIC SOURCE OF ENTANGLED PHOTONS OF GHERI ET AL.
The scheme consists, in its simpest implementation, of an optical cavity containing an atom (or ion) with a multi-
level structure. As noticed in Ref. [8], the same scheme could be however applied to a generic nonclassical medium in a
superposition state replacing the atom (a quantum dot, for example). The cavity field is coupled through the mirrors
to the continuum of modes outside the resonator, which will sustain the desired entangled single-photon wave packets.
The relevant atomic level structure is a double three-level Λ scheme (see Fig. 1). The levels |iα〉 and |fα〉 (α = 0, 1),
may be, for example, hyperfine sublevels of the ground state, which are coupled to the upper level |rα〉 via, respectively,
the classical field Ωα(t)e
−i(ωαt+φα(t)), and the cavity mode with annihilation operator aα, with coupling constant gα.
The index α referring to the two distinct Λ systems actually corresponds to the two orthogonal polarizations of the
cavity field. The lasers’ amplitudes Ωα(t), their phases φα, and their center frequencies ωα are therefore the external
control parameters. Both the laser fields and the two cavity modes are highly detuned (δ ≫ Ωα(t), gα,Γα, where
Γα are the spontaneous emission rates from rα) from the corresponding atomic transitions. Moreover their center
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frequency satisfies the condition δ ≡ ωαri − ωα = ωαrf − ωc. The large detuning serves the purpose of making the
system insensitive to the spontaneous emission from the excited levels rα, because in this case they are practically
never populated. In such conditions, the excited levels can be adiabatically eliminated and the two Λ systems becomes
equivalent to two effective two-level systems each coupled to a cavity mode with given polarization. If we denote with
bα(ω) the annihilation operator of the external electromagnetic field mode with frequency ω and polarization α, with
the standard bosonic commutation rule
[bα(ω), b
†
β(ν)] = δαβδ(ω − ν), (1)
the total Hamiltonian of the system in the interaction picture with respect to the free dynamics of the compound
system, and after the adiabatic elimination of the r levels, is (h¯ = 1)
H =
∑
α
Ω2α(t)
4δ
|i〉αα〈i|+ g
2
α
δ
a†αaα|f〉αα〈f |+ i
gαΩα(t)
2δ
eiφα(t)aα|i〉αα〈f |
− i gαΩα(t)
2δ
e−iφα(t)a†α|f〉αα〈i|+ i
√
kcα
pi
∫
dω(aαb
†
α(ω¯)e
iωt − (a†αbα(ω¯)e−iωt). (2)
The first and second term are the ac Stark shifts due to the classical field and to the cavity field respectively; the
third and the fourth term describe the Raman transition and the last term describes the interaction between the
cavity modes and the external continuum of modes, for which we have assumed, as usual [9], a frequency-independent
distribution of coupling constants around the cavity mode frequency,
√
kcα/pi (kcα is the damping rate of the cavity
field with polarization α and ω¯ = ω + ωc).
Let us now see how the scheme works. The main idea is to transfer an initial coherent superposition of the atomic
levels into a superposition of continuum excitations, by applying suitable laser pulses realizing the Raman transition
between i and f . It is reasonable to assume that all the fields are initially in the vacuum state, so that the initial
state of the system is:
|ψ(0)〉 = (c0|i〉0 + c1|i〉1) |0〉c0|0〉c1|0〉r (3)
(the subscript r now denotes the state of the continuum). There are no polarization mixing term and therefore the
two branches corresponding to α = 0 and α = 1 will evolve independently. The state |i〉α plays the role of the excited
state and therefore, for each α, the total excitation number is one. The Hamiltonian (2) preserves the total excitation
number and therefore the state at a generic time t will be a coherent superposition of three terms, one in which
the excitation is still in the atom, one corresponding to the excitation stored in the cavity mode and one where the
excitation has been transferred to the continuum of modes outside the cavity. The excitation transfer is turned on
and off by the laser pulses, and if the laser pulse duration T is much larger than the cavity decay time, T ≫ 1/kcα,
the amplitude corresponding to the excitation stored in the cavity mode will be completely negligible, so that one has
the state
|ψ1〉 = |0〉c0|0〉c1 ⊗
∑
α
cα
[
e−µα(T )−iθα(T )|i〉α|0〉r + |f〉α
∫
dωGα(ω, T )b
†
α(ω¯)|0〉r
]
, (4)
where
µα(T ) =
g2α
4δ2kcα
∫ T
0
dtΩ2α(t) (5)
θα(T ) =
∫ T
0
dt
Ω2α(t)
4δ
(6)
Gα(ω, T ) =
√
kcα
pi
∫ T
0
dteiωt
gαΩα(t)
2δkcα
e−µα(t)−i(θα(t)+φα(t)). (7)
The function Gα(ω, T ) determines the spectral envelope of the single photon wave packet. An efficient transfer of
the excitation to the external field is obtained when µα(T )≫ 1 (which fixes a lower bound for the pulse area of the
applied laser field), and in this case the state of Eq. (4) becomes
|ψ1〉 = |0〉c0|0〉c1 ⊗
∑
α
cα
∫
dωGα(ω, T )b
†
α(ω¯)|0〉r|f〉α. (8)
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This means that the generated wave packet is entangled with the atom. This entanglement can be transferred
to a second photon which is subsequently created, by suitably recycling the system and performing a conditional
measurement on the atomic levels. For the recycling one has to apply first of all two pi pulses (one for each α) in order
to induce the transition from |f〉α to |i〉α. Moreover the continuum of modes outside the cavity has to be “ready” to
receive a second, independent, photon wave packet. From an intuitive point of view, it is clear that if two successive
wave packets do not temporally overlap, i.e., the first wave packet is well far from the cavity when the second wave
packet is generated, the two photons can be safely considered as individual qubits. From a formal point of view
however this is not obvious since what one really has is just a continuum of e.m modes in a two-photon state. The
independency of two successive photon wave packets can be however seen if we define the creation operator B†(tj , T )
of the wave-packet generated during the time window [tj , tj + T ] as
B†α(tj , T ) =
∫
dωeiωtjGα(ω, T )b
†
α(ω¯) (9)
and notice that, when the two wave packets do not temporally overlap (|tj − tk| ≫ T ), the bosonic commutation
relation
[Bα(tk, T ), B
†
β(tj , T )] ≈ δαβδjk (10)
holds. This allows us to regard each wave packet creation operator as acting on its own vacuum state and to define
the following, independent, one photon states, with polarization α and generated in the j-th generation sequence,
|α〉j = B†α(tj , T )|0〉r (t1 = 0). In this way, the state after the first sequence of Eq. (8) can be rewritten in the more
compact form
|ψ1〉 = |0〉c0|0〉c1 ⊗ (c0|0〉1|f〉0 + c1|1〉1|f〉1) . (11)
If we recycle, i.e., |f〉α → |i〉α, and restart the same procedure at the time t2 ≫ t1 + T , we get
|ψ2〉 = |0〉c0|0〉c1 ⊗ (c0|0〉1|0〉2|f〉0 + c1|1〉1|1〉2|f〉1) . (12)
More in general, the state of the system after n generation cycles can be written as:
|ψn〉 = |0〉c0|0〉c1 ⊗
1∑
α=0
cα|α〉1|α〉2 . . . |α〉n|f〉α. (13)
The residual entanglement with the atom inside the cavity can eventually be broken up by making a measurement
of the internal atomic state in an appropriate basis. For example, if one makes a projection measurement to etablish
if the atom is in the (|f〉0 + |f〉1) /
√
2 state or in the (|f〉0 − |f〉1) /
√
2 state, the state of the e.m. continuum is
correspondingly projected into the n-photons polarization-entangled state c0|0〉1|0〉2 . . . |0〉n ± c1|1〉1|1〉2 . . . |1〉n. This
shows that many interesting entangled states, as the four Bell states, the GHZ state, and its higher-dimensional
generalization (|α1, α2, . . . , αn〉+ |1− α1, 1− α2, . . . , 1− αn〉) /
√
2 can be generated with this scheme. As mentioned
in [8], by coupling the levels |f〉α with appropriate microwave pulses in between the generation sequence, one can also
partially engineer the entanglement and create a wider (even though not complete) set of n-photons entangled states.
III. POSSIBLE DECOHERENCE SOURCES
In the preceding section we have seen how the scheme for the generation of polarization-entangled, time-separated,
single photon wave packet works in the ideal case. In typical experimental situations there are however many physical
mechanisms and technical imperfections which may seriously limit the performance of the scheme. These are: (i)
laser phase and amplitude fluctuations; (ii) spontaneous emission from the excited levels rα during the laser pulses;
(iii) the effect of atomic motion; (iv) random photon losses due to the absorption within the mirror or scattering; (v)
systematic and random errors in the pi laser pulses used in the recycling process.
We have already seen that choosing a sufficiently large detuning δ of the optical frequencies from the atomic
transitions connecting the excited levels rα makes the scheme essentially immune from the effect of atomic spontaneous
emission (see also [8]). Laser phase fluctuations also are not a problem because the state produced after each cycle
depends only on the phase difference between the two laser fields. This means that it is sufficient to derive the two
beams from the same source, so that the fluctuations of the phase difference are essentially suppressed [8]. The effect
of imperfections in the recycling process |f〉α → |i〉α is studied in detail in Ref. [8] assuming a random distribution of
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timings for the pi pulses and also the possibility of a dephasing angle between the two components. It is found that
the process is robust against dephasing, while the correct timing of the pi pulses is a critical parameter.
Here we shall analyze in more detail the other three possible sources of decoherence, i.e., laser amplitude fluctuations,
photon losses, and atomic motion, which have been discussed only briefly in Ref. [8]. In the next subsections we shall
study the effect of these processes independently from each other.
A. Intensity fluctuations of the laser pulses
Amplitude fluctuations of the laser pulse mean fluctuations of the real parameters Ωα(t) which, as we can see
from the Hamiltonian (2), in turn imply fluctuations of both the Stark shift term and the Raman coupling. Here we
consider intensity fluctuations, i.e., we assume that the quantity Ω2α(t) is the sum of a deterministic signal and of a
stochastic term,
Ω2α(t) = Ω
2
sα(t) +
√
Dαξ(t), (14)
where ξ(t) is a zero-mean Gaussian white noise with 〈ξ(t)ξ(t′)〉 = δ(t− t′) and Dα is a diffusion coefficient quantifying
the strength of the fluctuations.
In the description of the ideal scheme of the preceding section, we have considered the optimal case µα(T ) ≫ 1,
so that the probability of the initial excitation be still retained by the atom is zero. However, when we consider the
repeated generation of single-photon wave packets, we cannot neglect this small probability and the correct state of
the system after the first cycle has to described by Eq. (4) rather than its ideal limit Eq. (8). By comparing the two
states, it is evident that the fidelity of the preparation scheme, i.e., the probability to have the desired state of Eq. (8)
after the first cycle is
P (1) =
∑
α
|cα|2
∫
dω|Gα(ω, T )|2. (15)
However, using the normalization condition for the state (4), one has∫
|Gα(ω, T )|2dω = 1− e−2µα(T ), (16)
and iterating to the situation after n cycles, one finds the fidelity for the generation of n entangled photons
P (n) =
∑
α
|cα|2
[
1− e−2µα(T )
]n
. (17)
This expression shows that the laser intensity fluctuations affect the efficiency of the process only through their effect
on the quantity µα(T ). This effect can be determined by differentiating Eq. (5) and using Eq. (14); in this way one
gets the following stochastic differential equation
dµα(t) =
g2α
4δ2kcα
[Ω2sα(t)dt+
√
DαdW (t))], (18)
where W (t) ≡ ξ(t)dt is a Wiener process. This equation can be straighforwardly integrated so to get (µα(0) = 0)
µα(T ) =
g2α
4δ2kcα
[∫ T
0
Ω2sα(t)dt+
√
Dα
∫ T
0
dW (t)
]
. (19)
This shows that µα(T ) is a Gaussian stochastic variable, with mean value
〈µα(T )〉 = g
2
α
4δ2kcα
∫ T
0
Ω2sα(t)dt, (20)
and variance
σ2α(T ) = 〈µα(T )2〉 − 〈µα(T )〉2 =
g4αDαT
16δ4k2cα
. (21)
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In the presence of intensity fluctuations we have therefore to perform a Gaussian average of the fidelity of Eq. (17),
yielding
〈1− e−2µα(T )〉 = 1− exp
{
−2〈µα(T )〉 − g
4
α
8δ4k2cα
DαT
}
; (22)
it is then reasonable to assume that the fluctuations in each pulse are independent, so that after the generation of n
wave packets, the average value of the fidelity is simply the product of terms of the form of Eq. (22). Finally one has
〈P (n)〉 =
∑
α
|cα|2
(
1− exp
{
−2〈µα(T )〉 − g
4
α
8δ4k2cα
DαT
})n
. (23)
In the case of square laser pulses with exact duration T and intensity I, one has 〈µα(T )〉 = g2αIT/4δ2kcα, and
considering the simple case in which the parameters are the same for the two orthogonal polarizations, the fidelity of
preparation of the n-photons entangled state assumes the simple form
〈P (n)〉 =
(
1− exp
{
− g
2IT
2δ2kc
− g
4DT
8δ4k2c
})n
. (24)
Usually the intensity fluctuations are characterized in terms of the relative error of the intensity pulse area, i.e.,
Fr =
√
DT∫ T
0 Ω
2
s(t)dt
, (25)
which, in the case of the square pulse, becomes Fr =
√
D/I2T . The dependence of the fidelity upon the laser intensity
fluctuations is shown in Figs. 2 and 3. In Fig. 2 P (n) is shown as a function of the number of entangled photons n,
for different values of Fr , while in Fig. 3 P (n) is plotted versus Fr for three different values of n (n = 3, 5, 10). The
case of a square pulse and identical parameters for the two polarizations is considered (see the captions for parameter
values). These figures, and Fig. 3 in particular, show that laser intensity fluctuations do not significantly affect the
performance of the scheme, even at quite large relative fluctuations.
B. Photon losses
An important source of errors is the fact that, in the generation scheme of the output wave packet, the photon can
be lost. To be specific, the photon can be absorbed by the cavity mirrors, or it can be transferred to “undesired”
external electromagnetic modes of the continuum, different from the monitored, output modes. This may happen due
to scattering losses, or due to the transmission through the other (imperfect) cavity mirror, different from the output
coupling mirror. It is quite reasonable to assume that both the “undesired” electromagnetic modes of the continuum
outside the cavity, and the internal degrees of freedom of the mirrors which can be excited by the cavity mode, can
be represented by a continuum of harmonic oscillators with annihilation operator mα(ω), satisfying the usual bosonic
commutation relations
[
mα(ω),m
†
β(ν)
]
= δαβδ(ω−ν), as it is done for the monitored, output electromagnetic modes,
described by the bosonic operators bα(ω). It is also reasonable to assume that the coupling between the two cavity
modes and the “environmental” modes can be described in the same way as in Eq. (2), so that the total Hamiltonian
of the system, in the interaction picture with respect to the free Hamiltonian of the compound system (which now
includes also these environmental modes), becomes
Htot = H +
∑
α
i
√
kaα
pi
∫
dω(aαm
†
α(ω¯)e
iωt − a†αmα(ω¯)e−iωt), (26)
where H is the Hamiltonian of Eq. (2). As in Eq. (2), we have considered a frequency-independent (but polarization-
dependent) coupling constant
√
kaα/pi centered around the cavity mode frequency ωc, where kaα is the decay rate
into the undesired modes for the photons with polarization α.
At this point one could generalize the calculations already developed in [8] for the model Hamiltonian (2) to the
more general Hamiltonian of Eq. (26), and derive the fidelity of the n entangled photons generation process in the
presence of photon losses. However, one can easily understand that the results of Ref. [8] can be immediately adapted
to the present case, thanks to the simplicity of the above modelization of the various absorption processes. In fact, the
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interaction term added in Eq. (26) implies adding a supplementary decay channel for the cavity photons, in addition
to the standard channel provided by the output mirror. Since, for a cavity photon with polarization α, kcα is the
probability to be transmitted to the desired output e.m. modes per unit time, and kaα is the loss probability per unit
time, it is evident that the probability to produce the correct single photon wave packet of Eq. (8) in a given cycle
has to be corrected by the factor kcα/ (kcα + kaα) for each α. As we have seen in the preceding section, two successive
single-photon wave packets have to be well separated in time (and therefore in space) in order to be safely considered
as independent qubits, and therefore it is reasonable to assume that the eventual photon absorption processes taking
place in two generation cycles are independent. This implies that in the general case of the generation of an n-photons
entangled state, the correction factor to the fidelity P (n) due to the photon losses is [kcα/ (kcα + kaα)]
n
. Therefore,
using the general expression (17) for the fidelity, and taking into account that in the presence of photon absorption,
the decay rate kcα has to be replaced by the total photon decay rate kcα + kaα in the expression (5) for µα(T ), one
finally arrives at the following expression of the fidelity of generation of an n-photons entangled state in the presence
of photon losses
P (n) =
∑
α
|cα|2
(
kcα
kcα + kaα
)n(
1− exp
{
− g
2
α
2δ2(kcα + kaα)
∫ T
0
dtΩ2α(t)
})n
(27)
In the case of square pulses with intensity I and duration T , and identical parameters for both polarizations, the
above equation becomes
P (n) =
(
kc
kc + ka
)n(
1− exp
{
− g
2IT
2δ2(kc + ka)
})n
. (28)
The behaviour of the fidelity of preparation of n entangled photons in the presence of photon losses is shown in Figs. 4
and 5: in Fig. 4 P (n) is plotted versus n for different values of the ratio ka/kc, while in Fig. 5 P (n) is plotted as a
function of ka/kc, for n = 3, 5, 10 (from the upper to the lower curve). The case of square laser pulses and identical
parameter for the two polarizations is again considered. One can see that photon losses, differently from laser intensity
fluctuations, can seriously limit the performance of the scheme and that the fidelity of preparation rapidly decays for
increasing photon losses.
In Ref. [8] the limitations due to photon losses are briefly discussed and it is proposed that they can be avoided
using postselection schemes, that is, detecting the photons and discarding the cases corresponding to a number of
detected photons smaller than n. In this way, however, the scheme ceases to be a deterministic source, able to produce
entangled photons on demand. It becomes instead a conditional source, in which the entangled photons are no more
available after detection, and in which the quality of the state is established only a posteriori. The fidelity of Eqs. (27)
and (28) instead refers to the more general case in which no conditional measurements are made, and all the events
are considered. In such a case the proposed source remains a deterministic source of entangled photons even in the
presence of photon losses, even though with a lower fidelity.
C. Atomic motion
Up to now we have assumed the atom to be in a fixed position within the cavity. However, the atomic center-of-
mass motion may affect the performance of the scheme, by inducing fluctuations and dephasing of the internal atomic
states. To state it in an equivalent way, the atomic motional degrees of freedom will generally get entangled with the
internal ones and, in turn, with the cavity modes, and this may lead to decoherence and quantum information loss.
It is evident that the optimal way to minimize the effect of atomic motion is to trap and cool the atom, possibly to
the motional ground state of the trapping potential. Cooling to the motional ground state has been already achieved
both with ions in rf-traps [10], and with neutral atoms in optical lattices [11] using resolved sideband cooling, which
requires operating in the Lamb-Dicke regime, where the size of the atomic wave packet L is much smaller than the
optical wavelength λ = 2pic/ωc, and strong confinement. The effect of spatial variation is minimized if the minimum
of the trapping potential coincides with an antinode of both the cavity mode and of the laser field. This implies that
also the two classical lasers have to be in a standing wave configuration.
Therefore we shall assume that the atom is trapped in some way (ion in a rf-trap, or neutral atom in a far off
resonance dipole trap) in a harmonic potential with frequency ω0, near an antinode of the cavity field, which we
choose as the origin for the spatial coordinates. Taking into account the spatial dependence of both the laser and the
cavity field, and considering for simplicity only the one-dimensional motion along the cavity axis xˆ, the Hamiltonian
of the system becomes
6
H ′ =
pˆ2
2m
+
1
2
mω20xˆ
2 +
∑
α
Ω2α(t)
4δ
cos2 kLxˆ|i〉αα〈i|+ g
2
α
δ
cos2 krxˆa
†
αaα|f〉αα〈f |
+i
gαΩα(t)
2δ
cos kLxˆ cos krxˆ
(
eiφα(t)aα|i〉αα〈f | − e−iφα(t)a†α|f〉αα〈i|
)
+ i
√
kcα
pi
∫
dω(aαb
†
α(ω¯)e
iωt − (a†αbα(ω¯)e−iωt), (29)
where kL and kr are the laser field and cavity mode field wave vector respectively, m is the mass of the atom and
pˆ its momentum. As discussed above, optimal conditions for the generation scheme are obtained in the Lamb-Dicke
limit, which implies approximating the cosine terms in the Hamiltonian (29) at second order, i.e.,
cos2 kLxˆ ≃ 1− η2L
(
l + l†
)2
(30)
cos2 krxˆ ≃ 1− η2r
(
l + l†
)2
(31)
cos kLxˆ cos krxˆ ≃ 1−
(
η2L + η
2
r
2
)(
l + l†
)2
, (32)
where ηj = kj
√
h¯/2mω0 (j = L, r), are the two Lamb-Dicke parameters and l is the annihilation operator for the
vibrational quanta.
In general, besides the Hamiltonian evolution driven by (29), the atomic center-of-mass motion is also affected by
non-unitary processes such as the cooling, the recoil due to the spontaneous emission, and heating processes caused by
technical imperfections such as fluctuating electric potentials in the trapped ion case [12], or intensity fluctuations of
the laser used in the case of optical dipole traps [13]. The atomic recoil is negligible in the Lamb-Dicke limit; moreover
it is in principle possible to turn the laser cooling on whenever needed, and therefore in this case it is reasonable to
neglect the heating processes. This means that the atomic vibrational motion can be satisfactorily described by the
Hamiltonian (29) (supplemented with (30)-(32)). However, it is realistic to assume that the cooling process will not
be perfect and leave some residual vibrational excitation, which can be described as an effective thermal state ρvibN
with mean vibrational number N for the initial state of the atomic center-of-mass motion at every generation cycle.
Therefore, the state of the whole system at the beginning of a cycle will be
ρtot(0) = |ψ(0)〉〈ψ(0)| ⊗ ρvibN , (33)
where |ψ(0)〉 is given by Eq. (3). The probability to generate the right entangled state after the first cycle is
P (1) = Trvib {〈ψ1|ρtot(T )|ψ1〉} , (34)
where |ψ1〉 is the desired state to generate of Eq. (8), ρtot(T ) is the state of the total system (including the atomic
center-of-mass) at the end of the cycle, and Trvib denotes the trace over the vibrational degree of freedom. This
fidelity after the first cycle has been calculated numerically using the Hamiltonian of Eq. (29) (in the Lamb-Dicke
limit) and the initial condition (33). This calculation is simplified by the fact that the excitation number operator for
a given polarization,
N = |i〉〈i|+ a†a+
∫
dω¯b†(ω¯)b(ω¯) (35)
is a constant of motion even when the atomic motion is considered. Since the initial excitation number is N = 1, the
evolution will always be confined within the subspace with only one excitation. In the general case of n generation
cycles, the temporal separation of two successive wave packets guarantees that the preparation fidelity of n entangled
photons will be simply the n-th power of P (1),
P (n) = [Trvib {〈ψ1|ρtot(T )|ψ1〉}]n . (36)
The numerical results for the fidelity P (n) are plotted as a function of the number of entangled photons in Fig. 6,
for increasing values of the initial effective mean vibrational number N (from the upper to the lower curve). One
can see that if the residual vibrational excitation left by the cooling process is appreciable (N ≃ 1, the lower curve
of Fig. 6), the fidelity of preparation can be seriously affected, while the effect of atomic motion is modest when the
cooling process is efficient (N < 0.1).
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IV. CONCLUSIONS
In this paper we have studied the sensitivity to the various possible sources of decoherence of a recently proposed
scheme [8] for the deterministic generation of polarization-entangled single photon wave packets. The scheme employs
a trapped and laser-cooled atom within a cavity in a double three level Λ scheme. The successively generated
single-photon wave packets remain entangled with the atom and an appropriate conditional measurement on the
atomic internal levels transfers the entanglement to the set of photons. These wave packets can be considered as
independent qubits as long as they are well separated in time. The scheme of Ref. [8] can be particularly suited for
the implementation of recently proposed multi-party quantum communication schemes based on quantum information
sharing [14,15]. Here we have focused in particular on the limiting effects which may be caused by laser intensity
fluctuations, photon losses, and by the atomic motion, which have been discussed only briefly in [8]. Photon losses
prove to be the predominant limiting factor, while the scheme is robust against the effect of laser intensity fluctuations.
Atomic motion does not seriously limit the performance of the scheme, but only if the atom is sufficiently cooled close
to the ground state of the trapping potential, otherwise the residual vibrational excitation can significantly lower the
fidelity of preparation.
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FIG. 1. Schematic description of the cavity QED scheme proposed by Gheri et al. for the generation of polarization-entangled
photon wave packets. The cavity and the relevant level structure of the atom trapped in it are shown.
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FIG. 2. Fidelity of preparation P (n) versus the number of entangled photons n for different values of the relative fluctuations
of the laser intensity Fr (see Eq. (25)). The three curves refer, starting from the upper one, to Fr = 0, 0.1, 0.2. Square laser
pulses and identical parameters for the two polarizations have been considered. The other parameter values are: g =
√
I = 60
MHz; δ = 1500 MHz; kc = 25 MHz; T = 30 µsec.
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FIG. 3. Fidelity of preparation P (n) versus the the relative fluctuations of the laser intensity Fr for different values of the
number of generated entangled wavepackets n. The three curves refer, starting from the upper one, to n = 3, 5, 10. Square
laser pulses and identical parameters for the two polarizations have been considered. The other parameter values are the same
as those of Fig. 2.
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FIG. 4. Fidelity of preparation P (n) versus the number of photon wavepackets n in the case of no laser intensity fluctuations
but in the presence of photon losses with a rate ka. The four curves refer to different values of the ratio of decay rates ka/kc:
starting from the upper one, ka/kc = 0, 0.001, 0.005, 0.01. Square laser pulses and identical parameters for the two polarizations
have been considered. The other parameter values are as in Fig. 2.
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FIG. 5. Fidelity of preparation P (n) versus the ratio of decay rates ka/kc for three different number of generated entangled
wavepackets n. The three curves refer, starting from the upper one, to n = 3, 5, 10. Square laser pulses and identical parameters
for the two polarizations have been considered. The other parameter values are the same as those of Fig. 2.
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FIG. 6. Fidelity of preparation P (n) versus the number of photon wavepackets n for different values of the effective initial
mean vibrational thermal number N . The four curves refer, starting from the upper one, to N = 0.01, 0.1, 0.5, 1. The other
parameters for the atomic motion are ω0 = 1 MHz and ηr = ηl = 0.07, while the other parameter values are the same as those
of Fig. 2. Square laser pulses and identical parameters for the two polarizations have been considered.
10
